Abstract. We study limiting distribution of the sequence of pull-backs of smooth (1, 1) forms and positive closed currents by meromorphic self-maps of compact Kähler manifolds.
Introduction
Let f : P 1 → P 1 be a rational map of degree λ ≥ 2 and ν be any probability measure on P 1 . A theorem of Brolin [Bro65] , Lyubich [Lju83] and Freire-LopezMañé [FLM83] asserts that the sequence of pre-images λ −n (f n ) * ν converges weakly to the measure of maximal entropy µ f if and only if ν(E f ) = 0 where E f is an (possibly empty) exceptional set which contains at most two points. Recall that Green current T f for a holomorphic map f : P k → P k of degree λ ≥ 2 is defined to be the weak limit of the sequence λ −n (f n ) * ω F S where ω F S denotes the Fubini-Study form on P k . In [FJ03, FJ07] Favre and Jonsson provided a complete characterization of the exceptional set for holomorphic endomorphisms of P 2 stating that there exists an exceptional set E f containing at most three lines and finitely many points which are totally invariant such that λ −n (f n ) * S converges weakly to the Green current T f if and only if the positive closed current S does not put any mass on the components of E f . The papers [DS08, Par] also give sufficient conditions for similar results in higher dimensions. More generally, equidistribution problem has been studied for various category of maps within the last two decades (see for instance [FS95, RS97, Gue03, Gue04, DS06, Bay13] ). However, unlike the rational maps of P 1 , for bidegree (1, 1) currents there is no general existence theorem for the Green currents nor a complete characterization of the exceptional set of positive closed currents on compact Kähler manifolds.
The purpose of this work is to study the limiting distribution of smooth bidegree (1, 1) forms and positive closed currents under the pull-back operator induced by meromorphic endomorphisms of compact Kähler manifolds.
Our setting as follows. Let X be a compact Kähler manifold of dimension k and f : X → X be a dominant meromorphic map. Then f induces a linear map f * : H 1,1 (X, R) → H 1,1 (X, R) which is, in general, not compatible with the dynamics of f. We say that f is 1-regular if (f n ) * = (f * ) n for each n = 1, 2 . . . In the sequel, we assume that f is 1-regular and λ 1 (f ) > 1 where λ 1 (f ) denotes the spectral radius of f * . Recall that a class α ∈ H 1,1 (X, R) is called pseudo-effective (psef) if it can be represented by a positive closed current, we say that α is big if it can be represented by a strictly positive current. The set of psef classes forms a salient closed convex cone. It follows from a Perron-Frobenius type argument that there exists a class α ∈ H 1,1 psef (X, R) such that f * α = λ 1 (f )α. In general, the class α can not be represented by a smooth positive form (see [Bay13] for examples of such mappings).
Theorem 1.1. Let f : X → X be a 1-regular dominant meromorphic map such that λ := λ 1 (f ) > 1 is a simple eigenvalue of f * with f * α = λα . If α ∈ H 1,1 psef (X, R) can be represented by a positive current with identically zero Lelong numbers then there exists a positive closed current T α ∈ α such that for every smooth form θ ∈ α 1 λ n (f n ) * θ → T α in the sense of currents as n → ∞. Moreover, for every positive closed current S ∈ α with identically zero Lelong numbers on X 1 λ n (f n ) * S → T α in the sense of currents as n → ∞.
The current T α is called Green current associated to the class α. Recall that any α ∈ H 1,1 big (X, R) ∩ H 1,1 nef (X, R) can be represented by a positive closed current with identically zero Lelong numbers on X ( [DPS01, Gue04] ). If the invariant class is merely big we let E p (α) denote the energy classes (see section 2.3 for details) of positive closed currents whose de Rham class is α. Proposition 1.2. Let (X, f ) be as in Theorem 1.1. If α ∈ H 1,1 big (X, R) then for every S ∈ E p (α) with p > dim X − 1 1 λ n (f n ) * S → T α in the sense of currents.
Finally, we consider the problem of which meromorphic maps admit a big invariant class. We prove that in the case of dimension two, only rational maps have this property. This improves the corresponding result of [DF01] which was proved in the case of bimeromorphic maps. Theorem 1.3. Let X be a compact Kähler surface and f : X → X be a dominant 1-regular meromorphic map. If λ 1 (f ) > d top (f ) and there exists α ∈ H 1,1
The outline of the paper as follows: in section 2 we provide background, in section 3 we study contraction of volume of a set under the iteration by a meromorphic endomorphism, in section 4 and 5 we focus on equidistribution problem for various category of maps. For instance, in the algebraic case if the expanded class is the first Chern class of a finitely generated big line bundle then we prove that Green current describes the limiting distribution of pre-images of zero divisor of generic global holomorphic section (Theorem 5.2). Finally, in section 6 we prove Theorem 1.3.
Preliminaries
Let X be a connected compact Kähler manifold with dim C X = k. We fix a Kähler form ω on X such that X ω k = 1. All volumes will be computed with respect to the probability volume form dV := ω k . Let H 1,1 (X) denote the Dolbeault cohomology group and let H 2 (X, Z), H 2 (X, R) and H 2 (X, C) denote the de Rham cohomology groups with coefficients in Z, R, C. We also set
We say that a cohomology class α is pseudo-effective (psef) if α ca be represented by a positive closed (1, 1) current. We say that α is big if there exists a Kähler current in α that is there exists T + ∈ α such that T + ≥ ǫω for some small ǫ > 0. By Demailly's approximation theorem [Dem92] we may assume that T + has analytic singularities that is locally T + can be written as Bou04] . Roughly speaking, the set Amp(α) is the largest Zariski open set where the class α behaves like a Kähler class. In fact, α is Kähler if and only if Amp(α) = ∅ (see [Bou04] for details). The set of psef classes, H 
psef (X, R) and θ be a fixed smooth representative of α. An upper semi continuous function ϕ ∈ L 1 (X) is called θ-plurisubharmonic (θ-psh) if θ + dd c ϕ ≥ 0 in the sense of currents. Notice that a θ-psh function is locally difference of a psh function and a smooth function. We denote the set of all θ-psh functions by P sh(X, θ). We say that a function ϕ is quassi-plurisubharmonic (qpsh) if ϕ is θ-psh for some closed smooth (1, 1) form θ on X. Let α ∈ H 1,1 psef (X, R), T ∈ α be a positive closed current and θ be a smooth representative of α, by dd c lemma [GH94] up to a constant there exists a unique θ-psh function ϕ such that T = θ + dd c ϕ. The function ϕ is called the global potential of T . Finally, a set K ⊂ X is called P sh(X, θ)-pluripolar if K ⊂ {ϕ = −∞} for some qpsh function ϕ ∈ P sh(X, θ).
2.1.
Comparison of Singularities. Let ϕ 1 , ϕ 2 be two θ-psh functions. Following [DPS01] , we say that ϕ 1 is less singular than ϕ 2 if ϕ 2 ≤ ϕ 1 + O(1). For positive closed currents T 1 , T 2 ∈ α, we say that T 1 is less singular than T 2 if the global potential T 1 is less singular than the global potential of T 2 for some (equivalently for all) smooth representative. A θ-psh function ψ is said to be minimally singular if for any ϕ ∈ P sh(X, θ) we have ϕ ≤ ψ + O(1). Similarly, a positive closed current T is called minimally singular in its cohomology class if so is its global potential for some fixed (or equivalently any) smooth representative for {T }. It was observed in [DPS01] that minimally singular currents always exist. Indeed,
defines a minimally singular θ-psh function. Notice that minimally singular currents are not unique in general. However, once we fix θ there is a canonical one, namely V θ .
2.2. Non-pluripolar Monge-Ampère. It is well known that wedge product of positive closed currents is not always well-defined. However, if T 1 , . . . , T p are positive closed (1, 1) currents with locally bounded potentials u j 's, Bedford and Taylor [BT76, BT82] 
is a well-defined positive closed bidegree (p, p) current and depends only on the currents T j 's but not the choice of local potentials u j 's. Moreover, the wedge product is local in the plurifine topology in the sense that if v j are psh function such that u j = v j a.e on a plurifine open set O then
More recently, the authors of [BEGZ10] showed that for arbitrary positive closed (1, 1) currents T 1 , . . . , T p on a compact Kähler manifold there is a canonical way to define a non-pluripolar product
which is a globally well-defined positive closed (p, p) current and does not put any mass on pluripolar sets. We say that a positive closed (1, 1) current T has small unbounded locus if there exists a closed complete pluripolar set A such that T has locally bounded potentials on X \ A. It follows from Demailly's approximation theorem [Dem92] that if α ∈ H 1,1 big (X, R) then there are plenty of positive closed currents in α with small unbounded locus. The non-pluripolar product is increasing in the following sense:
Proposition 2.1. [BEGZ10] Let T j , S j ∈ α j be positive closed (1, 1) currents with small unbounded locus such that T j is less singular than S j . Then the cohomology classes satisfy 
Finally, we say that a positive closed current T ∈ α has full Monge-Ampère if
Note that this is always the case if the class α is not big.
Energy
Clases. An admissible weight is a smooth convex increasing function χ : R → R such that χ(−∞) = −∞ and χ(t) = t for t ≥ 0. Following [BEGZ10] we define χ-energy of a minimally singular θ-psh function ϕ by
where T = θ + dd c ϕ and
Note that if χ(t) = t then E χ (ϕ) coincides with the Aubin-Mabuchi energy functional (up to a minus sign). Let ϕ ∈ P sh(X, θ) be an arbitrary θ-psh function and ϕ k = max(ϕ, V θ − k) denote the canonical approximants of ϕ then it follows from [BEGZ10, Theorem 2.17] that one can define
If the right hand side is finite, we say that ϕ has finite energy.
Definition 2.3. Given an admissible weight function χ, the set E χ (X, θ) denotes the set of all θ-psh functions with finite energy. In particular, if
. Moreover, we let E(X, θ) denote the set of all θ-psh functions with full Monge-Ampère.
big (X, R) and θ ∈ α be a smooth representative then
where χ ranges over all admissible weight functions.
Finally, we remark that the global potential of a positive closed current belongs an energy class is independent of the choice of smooth representative. Thus, we write T ∈ E p (α) if ϕ ∈ E p (X, θ) where T = θ +dd c ϕ for some smooth representative θ ∈ α.
2.4. Monge-Ampère Capacity. Let θ be a smooth real closed (1, 1) form on X such that {θ} ∈ H 1,1 psef (X, R). For ϕ ∈ P sh(X, θ) we let M A(ϕ) denote the non-pluripolar Monge-Ampère (θ + dd c ϕ) k . Following [BEGZ10] we define the pre-Capacity of a Borel subset B ⊂ X Cap θ (B) := sup{
Dynamics of Meromorphic Maps
Recall that a meromorphic map f := π −1 1 • π 2 : X → X of a complex manifold is defined by its graph which is an irreducible analytic subvariety Γ f ⊂ X × X together with projections π 1 , π 2 : Γ f → X such that the projection π 1 : Γ f → X onto the first factor is a proper modification. This means that there exists an analytic set I f ⊂ X of codimension at least two such that π 1 is an isomorphism from Γ f \π −1 1 (I f ) onto its image. We denote the indeterminacy set of the n th iterate f n by I f n and set
For a real smooth closed (p, p) form θ on X we define its pull-back by
where the later push-forward considered as a current. This definition induces a linear action on the cohomology
2 )θ} where {(π 1 ) * (π * 2 )θ} denotes the de Rham class of the closed current (π 1 ) * (π * 2 )θ. In general, this linear action is not compatible with the dynamics of the map. We say that f is p-
Then the p th dynamical degree is defined by
where ω is an auxiliary Kähler form on X. Note that d top := λ k is the topological degree of f which is the number of pre-images of a generic point. If f is p-regular then λ p coincides with spectral radius of f * . Moreover, the dynamical degrees are invariant under bimeromorphic conjugations [Gue, DS04] .
Recall that one can define the pull-back map on the set of positive closed (1, 1) currents T → f * T by pulling back the local potentials. It follows that this linear action is continuous in the weak topology of positive currents [Meo96] . Moreover f * preserves classes i.e. f * {T } = {f * T } where {T } ∈ H 1,1 (X, R) denotes the de Rham cohomology class of closed current T . Therefore,
psef (X, R) is a closed salient convex cone it follows from a Perrron-Frobenius type argument [DF01] that there exists α ∈ H 1,1
3.1. Volume Estimates. In this section we will study the rate of contraction of volume of a set under the iteration by a dominant meromorphic map. The following result is a slightly improved version of [Gue04, Theorem 0.1] (see also [DS08] ) and allows us to derive certain equidistribution results.
Theorem 3.1. Let f : X X be a dominant meromorphic map. We assume that λ := λ 1 (f ) > 1 and δ 1 (f n ) ≤ Cλ n for some constant C > 0 and for every n ∈ N. Then for any Borel set Ω ⊂ X and n ∈ N
C2λ n where C 1 , C 2 > 0 independent of n and Ω.
Proof. We will utilize some ideas from [Dil96, FJ03, Gue04] . We define the measure f * ω k to be the trivial extension of (
* ω through I f and let Jac ω (f ) denote the complex Jacobian of f with respect to ω k that is defined by
Notice that |Jac ω (f )| 2 is a nonnegative continuous function on X \ I f . First, we claim that log |Jac ω (f )| = u 1 − u 2 where u i are qpsh functions. Indeed, in a local coordinate chart we may write ω = dd c ψ for some smooth strictly psh function ψ. Then
where Jac local (f ) denotes the Jacobian of f in the local coordinates. Thus, the claim follows by covering X with coordinate charts and observing that in the intersection of such sets the RHS of (3.1) is well-defined up to multiplication by a non-vanishing holomorphic function.
Lemma 3.2. If δ 1 (f j ) ≤ Cλ j then there exists c > 0 and qpsh functions u 1,j , u 2,j such that log |Jac ω (f j )| = u 1,j − u 2,j and dd c u i,j ≥ −cλ j ω for i = 1, 2 and j ≥ 1.
Proof. Let log |Jac ω (f )| = u 1 − u 2 be as above. Without lost of generality we may assume that dd c u i ≥ −ω for i = 1, 2. Let ω 1 , . . . , ω N be Kähler forms whose cohomology classes form a basis for H 1,1 (X, R) such that ω l ≤ ω for l = 1, . . . , N . For a class α ∈ H 1,1 (X, R) we let θ(α) ∈ α denote a smooth closed (1,1) form which lies in the linear span of ω 1 , . . . , ω n . We define a norm on
defines a continuous linear functional on H 1,1 (X, R) and it is non-negative on H 1,1 psef (X, R) where the later is a closed convex cone. Then there exists C 1 > 0 such that
By the chain rule we have
Then letting
and using hypothesis we conclude that
for some c > 0 independent of j.
Next, we prove the following improved version of Lemma 3.2:
Proof. By Lemma 3.2 we may write
We need to estimate c j . Note that F = {ϕ ∈ P sh(X, ω) : sup X ϕ = 0} is a compact family in L 1 (X), hence there exists a constant C 1 > 0 such that
for every j ≥ 1. By (3.2) and [Gue04, Proposition 1.3] we have
We continue with the proof of Theorem 3.1. Let us denote ν := 2 sup ν(ϕ, x) > 0 where the supremum is taken over all x ∈ X and ϕ ∈ P sh(X, ω). Since X is compact ν is finite and depends only on the class {ω}. Then by uniform version of Skoda's integrability theorem [Zer01] applied to the compact family F ν = {ϕ ∈ P sh(X, 1 ν ω) : sup X ϕ = 0} we obtain
where C 1 , C 2 > 0 does not depend on j. Then for t > 0 by Chebyshev's inequality
Now, we fix t > 0 such that C 2 t 1 Cλ j = 1 2 V ol(Ω) then by applying change of variables, Chebyshev's inequality and (3.3) we obtain
C4λ j where C 3 , C 4 > 0 do not depend on j.
We stress that the volume estimates does not require f to be 1-regular. Moreover, these estimates are sharp as already observed in [Gue04] .
A direct proof of the next corollary can be found in [Gue04] . However, we give a proof for the convenience of the reader.
Corollary 3.4. Let f be as in Theorem 3.1 and φ be a qpsh function on X. Then the sequence {
Proof. By scaling and translating φ if necessary we may assume that dd c φ ≥ −ω and φ ≤ 0. Let λ := λ 1 (f ). For α > 0 and n is fixed we set E
By [Kis00, Theorem 3.1]there exists constants A, B > 0, independent of n, such that
Since
we infer from Theorem 3.1 that
for some constants C 1 , C 2 > 0 independent of n.
Green Currents
Green currents play an impotant role in the dynamical study of meromorphic maps (see [Sib99, Gue04, DDG10] 
for some (equivalently for every) smooth representative θ of α then there exists a positive closed (1, 1) current T α ∈ α such that for every smooth form η ∈ α
in the sense of currents. Furthermore, (1) T α is minimally singular among the invariant currents which belong to the class α. (2) T α is extreme within the cone of positive closed (1,1) currents whose cohomology class belongs to R + α.
The dynamical assumption (⋆) holds in a quite general setting. For instance, if the class α can be represented by a smooth semi-positive form then V θ is identically zero on X and hence (⋆) holds. This is always the case when X is a complex homogeneous manifold. 4.1. Normal Maps. We say that a point x ∈ X is normal if there exists disjoint open sets x ∈ U and I ∞ ⊂ V such that f n (U ) ∩ V = ∅ for every n ∈ N. We denote the set of normal points by N f . We say that f is normal if N f = X \ I ∞ . Complex Hénon maps or more generally regular polynomial automorphisms of C k are among the exmples of normal mappings (see [BS91, Sib99] ). Proposition 4.2. Let f : X → X be a dominant 1-regular meromorhic map. Assume that λ := λ 1 (f ) > 1 is a simple eigenvalue of f * | H 1,1 (X,R) and f * α = λα such that α ∈ H 1,1 big (X, R). If f is normal and V ol(I ∞ (f )) = 0 then (⋆) holds. Proof. Let θ be a fixed smooth representative for α and T θ := θ + dd c V θ denote the minimally singular current. It follows from [Bay13, Theorem 3.3] that
Since V ol(I ∞ (f )) = 0 by Corollary 3.4 it is enough to prove that V ol(U ∩Ω n,t ) → 0 as n → ∞ for every relatively compact subset U ⊂ X \ I ∞ (f ). For given such U by normality of f , there exists an open subset V ⊂ X such that I ∞ (f ) ⊂ V and f n (U ) ∩ V = ∅ for every n ∈ N. Notice that,
Since ν(T θ , x) = 0 for every x ∈ X \ V , it follows from Theorem 3.1 and [Kis00, Theorem 3.1] that for every A > 0 there exists B > 0 such that
where C 1 , C 2 > 0 as in Theorem 3.1. Since A > 0 can be chosen arbitrarily large the assertion follows.
We remark that the assumption V ol(I ∞ (f )) = 0 in Proposition 4.2 is a nontrivial condition (cf. [DG09, §6.1]).
Equidistribution towards Green Current

Equidistribution of Zeros of Sections.
Recall that a compact Kähler manifold X carries a big line bundle if and only if X is projective. Let X be a projective manifold and π : L → X be a hermitian holomorphic line bundle. We denote the semi-group
Given m ∈ N (L), we consider the canonical map induced by the complete linear series
Nm is determined by the choice of the basis s 0 , . . . , s Nm for H 0 (X, L ⊗m ). Note that Φ m is a rational map which is holomorphic on the complement of the base locus B |L ⊗m | := s∈H 0 (X,L ⊗m ) s −1 (0).
We also let Y m := Φ m (X) ⊂ P Nm be the image of the closure of graph of Φ m . Recall that a line bundle L is called semi-ample if B |L ⊗m | = ∅ for some m > 0. The Kodaira-Iitaka dimension of L is defined to be
if N (L) = ∅ otherwise we set κ(X, L) = −∞. Kodaira dimension of X, denoted by kod(X), is defined to be κ(X, K X ) where K X is the canonical bundle of X. Notice that kod(X) is equal to one of −∞, 0, 1, . . . , k. A line bundle L is called big if κ(X, L) = k. We stress that this definition is consistent with the one in Section 2 that is L is big if and only if c 1 (L) contains a Kähler current [Bou02] . It is wellknown that L is big if and only if there exists C > 0 such that h 0 (X, L ⊗m ) ≥ Cm k for sufficiently large m > 0 (see [Laz04] ). Let h be a fixed smooth metric on L and θ h denote its curvature form which is a globally well-defined smooth (1, 1) form representing the first Chern class c 1 (L) ∈ H 2 (X, Z) which we consider as an element of H 1,1 (X, R) by identifying it with its image under the mapping i : H 2 (X, Z) → H 1,1 (X, R) induced by i : Z → R. The metric h induces a metric on L ⊗m which we denote by h m . We also define an 
to be the unit sphere in the Hilbert space H 0 (X, L ⊗m ). We identify SH 0 (X, L ⊗m ) with the (2N m − 1) sphere in C Nm and regard it as a probability space endowed with image the unitary invariant measure denoted by µ m (or equivalently we may consider PH 0 (X, L ⊗m ) furnished with the Fubini-Study volume form). The following proposition is well-known by algebraic geometers [Bou] . However, we were unable to find the statement and the proof in the literature.
Proposition 5.1. The algebra
is finitely generated if and only if
is a minimally singular current in c 1 (L) for some m > 0.
Proof. We use the additive notation for tensor powers of L, we fix an orthonormal basis {σ hm . Let h min be a minimally singular metric on L with curvature current T min = Θ h + dd c ϕ min which is a minimally singular current in c 1 (L). By [BEGZ10, Lemma 6.6] the algebra R(L) is finitely generated if and only if there exists m 0 > 0 such that ρ km0 = ρ m0 + O(1) for k ∈ N. In the the rest of the proof we construct global sections of large powers of L with uniform L 2 -estimates by using an Oshawa-Takegoshi type extension theorem. We will adapt some arguments from [Bou04] . We fix a hermitian line bundle (A, h A ) with h A has sufficiently positive curvature form ω A . We also fix a Kähler current T + ∈ c 1 (L) with global potential ϕ. Then the line bundle G m := mL − A is pseudo-effective for large m > 0. Indeed, choosing m 0 > 0 large enough such that m 0 T + − ω A is a Kähler current and writing
we see that Now, applying Oshawa-Takegoshi-Manivel L 2 -extension theorem [Man93] we see that the evaluation map
is surjective for every x ∈ X with an L 2 estimate independent of (G m , h m ) and x. This means that for every x and m there exists σ m,x ∈ H 0 (X, mL) such that where C is independent of m and x. This implies that
where the second line follows from the uniform bound on the L 2 -norms. Thus, the assertion follows from ρ km0 = ρ m0 + O(1) by taking m = km 0 and letting k → ∞.
Theorem 5.2. Let f : X → X be a 1-regular dominant rational map and λ := λ 1 (f ) > 1 be simple eigenvalue of f * with f
is finitely generated then there exists m > 0 and a pluripolar set
in the sense of currents as n → ∞.
If the conclusion of Theorem 5.2 holds for some positive integer m, then it also holds for any multiple of m. In the special case where X = P k and L = O(1) is the hyperplane bundle, we recover the corresponding result of [RS97] .
Proof. We fix m > 0 as in Proposition 5.1 large enough such that h 0 (X, L ⊗m ) ≥ Cm k for some C > 0 and identify H 0 (X, L ⊗m ) with C Nm . First we prove that 
is a minimally singular current representing the class α we infer that
x ϕ s where ϕ s ∈ L 1 (X) (not necessarily qpsh!) unique up to a constant. Moreover, since T m is minimally singular ϕ s is bounded from above and we may assume that ϕ s ≤ 0. To prove the assertion it is enough to show that λ −n ϕ s • f n → 0 in L 1 (X) for every s outside of a pluripolar set. By definition of T m we have
and since X is compact we deduce that
for every x ∈ X where c ≤ 0 is a constant. We define
Since ψ k is non-negative and increasing it is enough to show that ψ k is bounded in L 1 (PH 0 (X, L ⊗m )) and this follows from Fubini's theorem:
X) for almost every s. It remains to show that the convergence holds outside of a pluripolar set. Recall that by [GZ05, Theorem 7.2] every locally pluripolar set K is globally pluripolar that is K ⊂ {φ = −∞} for some (globally defined) qpsh function
If E m is not a pluripolar set then there exists a non-pluripolar compact set
is an open set contained in a coordinate chart. Then there exists a bounded psh function u K on Ω such that its Monge-Ampère measure ν := dd c u K ∧ · · · ∧ dd c u K defines a probability measure supported on K. Since for every
is psh on Ω (cf. [SZ99, §3] ) by Chern-Levine-Nirenberg inequality we obtain
Thus, applying the above argument with ν in the place of V m one can conclude that λ −n ϕ s • f n → 0 for ν-almost every s ∈ K. This is a contradiction. Hence, E m is pluripolar.
The main idea of the proof of Theorem 5.2 goes back to Russakovskii-Shiffman [RS97] (see also [Sib99] ). Recall that for a big line bundle L the algebra R(L) is not always finitely generated. In fact, if L is big and nef then R(L) is finitely generated if and only if L is semi-ample (see [Laz04] for details). In Theorem 5.2, if L is semi-ample then c 1 (L) can be represented by a smooth semi-positive form and by Theorem 4.1 we do not need to assume that λ = λ 1 (f ) nor λ is simple. In particular, we have the following result:
Theorem 5.3. Let f : X → X be a 1-regular dominant rational map and λ > 1 with f * α = λα where α = c 1 (L) and L → X is a semi-ample big line bundle. Then there exists m > 0 and a pluripolar set
Equidistribution of Currents with Mild
Singularities. Theorem 1.1 indicates that if the class α can be represented by a positive closed current with mild singularities then any such current equidistributes towards the Green current.
Proof of Theorem 1.1. Let S ∈ α be a positive closed (1, 1) current such that ν(S, x) = 0 for every x ∈ X. Then by dd c lemma we write S = θ + dd c ϕ. By Theorem 4.1 and Corollary 3.4, it is enough to show that V ol({ϕ • f n < −tλ n }) → 0 as n → ∞ for every t > 0. Since big (X, R) then ν(T θ , x) ≡ 0 on X. However, without the big assumption this is no longer true even in dimension 2. There exists a ruled surface X over an elliptic curve such that X contains an irreducible curve C with the following property: {C} ∈ H 1,1 nef (X, R) but {C} contains only one positive closed (1,1) current [C] namely, the current of integration along C (see [DPS94] for details). On the other hand, even if the class α ∈ H Proposition 5.4. Let f be as in Theorem 4.1. We assume that λ := λ 1 (f ) > 1 is simple and α ∈ H 1,1
Proof. By shifting ϕ we may assume that ϕ ≤ V θ ≤ 0. Then replacing φ by ϕ − V θ in the statement of Corollary 3.4 and using {ϕ − V θ < −t} ⊂ {ϕ < −t} one can show that the sequence { 1 λ n (ϕ−V θ )•f n } is uniformly integrable. Thus, it is enough to show that for every t > 0
Let ν α := 2 sup T,x ν(T, x) > 0 where the sup is taken over all positive closed currents T ∈ α and x ∈ X. Note that ν α < ∞ and depends only on the class α. Then by uniform version of Skoda's integrability theorem [Zer01] we have (5.1)
where C θ > 0. Now, let us denote K t := {ϕ − V θ < −t} and apply (5.1) with
Since V * Kt,θ ≤ 0 a.e. on K t with respect to Lebesgue measure [GZ05] we infer that Lemma 5.5.
where the last inequality follows from the fact that V * Kt,θ is minimally singular ( cf [BEGZ10, Theorem 1.16 ]).
Thus, by Lemma 5.5 we get
Now, for t > 0 we let
then by Theorem 3.1 we have
for some A, B > 0. Thus, the assertion follows.
We stress that if ϕ ∈ P sh(X, θ) such that
that is ϕ has full Monge-Ampère. Indeed, letting ϕ t := max(ϕ, V θ − t). Then t −1 ϕ t + (1 − t −1 )V θ is a competitor for the Capacity for t ≥ 1. Thus, M A(ϕ t ) ≤ t k Cap θ and we infer that (ϕ−V θ ≤−t) M A(ϕ t ) → 0 as t → ∞ and this implies that X M A(ϕ) = vol(α).
In general, capacity of sublevel sets do not decay faster than t −1 [GZ07] . If Ω ⊂ C k is a bounded hyperconvex domain and ϕ ∈ F (Ω) where F (Ω) denotes the Cegrell class then t k Cap(ϕ < −t) → 0 as t → ∞ ( [CKZ05] ). In the setting of compact Kähler manifolds, if α is a Kähler class or α ∈ N S(X) ∩ H 1,1 big (X, R) semi-positive then for every ϕ ∈ P sh(X, θ) with full Monge-Ampère the Lelong numbers of ϕ are identically zero on X [GZ07, BB]. Thus, by Theorem 1.1 we have
Question 5.6. Let f and α be as in Proposition 5.4. Is is true that
for every ϕ ∈ P sh(X, θ) which has full Monge-Ampère i.e. X M A(ϕ) = vol(α)?
In this direction, we prove the following result :
Proposition 5.7. Let f be as in Proposition 5.4. If ϕ ∈ E χ (X, θ) where χ is a convex weight such that |χ(
Proof. The proof follows from Proposition 5.4 and the Lemma 5.8 which is variation of [GZ07, Lemma 5.1] together with the regularity result from [BD] .
Lemma 5.8. If ϕ ∈ E χ (X, θ) then there exists C ϕ > 0 such that
Proof. Shifting ϕ we may assume that ϕ ≤ V θ . Let ψ ∈ P sh(X, θ) such that
Since ϕ has full Monge-Ampère comparison principle [BEGZ10, Corollary 2.3] yields 
since ϕ ∈ E χ (X, θ) the later integral is finite.
5.4. Minimally Separating Maps. Let f : X → X be a bimeromorphic map. We denote the indeterminacy locus of f −1 by I − and we set I
Theorem 5.9. Let f : X → X be a minimally separating map. We assume that λ = λ 1 (f ) > 1 is simple and the corresponding normalized eigenvector α ∈ H 1,1
* η = cT α for every smooth closed (1, 1) form η on X where c > 0 depends only on the class {η}.
Proof. It is easy to see that a minimally separating bimeromorphic map is always 1-regular. We fix a smooth representative θ ∈ α and let
which clearly implies the condition (⋆). By Corollary 3.4 it is enough to show that V ol(Ω n,t ) → 0 as n → ∞ where
Assuming the contrary we will drive a contradiction: suppose that there exists r > 0 and n k → ∞ such that r ≤ V ol(Ω n k ,t ). Renumbering the sequence we may assume that n k = n. We fix n large enough such that exp(−Cλ n ) < r where C > 0 will be defined later. Since f is minimally separating and E + (T K ) is an analytic set by hypothesis there exists ǫ = ǫ(n) > 0 small enough and open
Lemma 5.10. There exists δ = δ(ǫ) > 0 such that if p ∈ X \ I f with
where the fourth inequality follows from [DD04, Lemma 2.1] and q > 0 independent of p. Now we choose m large such that
where Ω n,t := {ϕ K • f n < −tλ n }.
Since U ǫ (E + (T K )) ∩ U ǫ ((I − ) ∪ f (I − ) · · · ∪ f n−1 (I − )) = ∅ it follows from Theorem 3.1 and Lemma 5.10 that V ol(f n+m (Ω n+m,t )) ≥ δ n (C 1 V ol(Ω n+m,t ))
On the other hand, since f n+m (Ω n+m,t ) ⊂ {ϕ K < −tλ n+m } there exists constants A, B > 0 independent of n and m such that
Combining these two inequalities and letting m → ∞ we get r ≤ lim inf m→∞ V ol(Ω m,t ) ≤ exp(−Cλ n )
where C = B C2 > 0 is the positive constant. This arrises a contradiction and we conclude that 1 λ n ϕ K • f n → 0 in L 1 (X). Next, we fix a Kähler form β such that T K ≥ β. Any limit point S of the sequence {λ −n (f n ) * β} is a positive closed current in cα for some c > 0 depending only on {β}. This implies that S ≤ cT α . Hence, by Theorem 4.1 (2) we get S = cT α .
Since X is compact for any two Kähler forms ω 1 , ω 2 on X there exists a constant C > 0 such that 1 C ω 1 ≤ ω 2 ≤ Cω 1 and this implies the weak convergence under pull-backs towards Green current for any Kähler form. Finally, any smooth form η can be written as a difference of two Kähler forms hence the assertion follows.
The following result is a consequence of Crofton's formula applied as in Theorem 5.2:
Corollary 5.11. Let f be as in Theorem 5.9. If X is projective then for Lebesgue almost every hyperplane section H 1
where c > 0 depends only on the imbedding X ֒→ P N .
Proof of Theorem 1.3
Proof of Theorem 1.3. Since f * preserves the nef cone we may and we do assume that α ∈ H 1,1 nef (X, R). By λ 1 := λ 1 (f ) > d top (f ), it follows from [Gue, Theorem 2.14] that either kod(X) = 0 or X is rational.
If kod(X) = 0 and X is minimal surface then by Kodaira-Enrique classification of compact complex surfaces [BPVdV84] , K X is a nef-divisor and 12K X ≡ 0. Then by Riemann-Hurwitz formula [GH94] we have
where R f denotes the ramification divisor. Thus, we deduce that R f = 0. This implies that the exceptional locus E f = ∅. Then the push-pull formula [DF01, Theorem 3.3] yields that α Therefore, α f is not big. If X is not minimal then there exists a proper holomorphic map (induced by a finite sequence of blow-ups) π : X → X ′ where X ′ is minimal. Moreover, f induces a meromorphic map g : X ′ → X ′ where g = π•f •π −1 . Since the dynamical degrees are bimeromorphic invariants we obtain that λ 1 = λ 1 (g) > d top (g) = d top (f ). Thus, by [DF01, Theorem 0.3], λ 1 is a simple eigenvalue of g * . We denote the invariant class α g ∈ H 1,1 nef (X, R) which is normalized by α g , ω X ′ = 1. Moreover, we claim that α g = π * α f up to a constant. Indeed, by push-pull formula [DF01, Theorem 3.3] we have
where E is the class of an exceptional effective divisor supported in E(π). Since f is 1-regular and E ∈ H Thus, by above argument α 2 f = 0 and α f is not big.
